A graph is strongly perfect if every induced subgraph H has a stable set that meets every maximal clique of H. A graph is claw-free if no vertex has three pairwise non-adjacent neighbors. The characterization of claw-free graphs that are strongly perfect by a set of forbidden induced subgraphs was conjectured by Ravindra [9] in 1990 and was proved by Wang [11] in 2006. Here we give a shorter proof of this characterization.
Introduction
All graphs in this paper are finite and simple. Let G = (V, E) be a graph. For X ⊆ V (G), G|X denotes the induced subgraph of G with vertex set X. A set X ⊆ V (G) is anticonnected if X = ∅ and the graph G C |X is connected (here G C denotes the complement of G). A graph G is anticonnected if G C is connected. An anticomponent of a set S ⊆ V (G) is a maximal anticonnected subset of S. An anticomponent D is non-trivial if |D| ≥ 2. We say that G contains a graph H if G has an induced subgraph isomorphic to H. For a graph H, X ⊆ V (G) is an H in G if G|X is isomorphic to H.
For a vertex v ∈ V (G), we let N G (v) = N (v) denote the set of neighbors of v in G, and we write N [v] = N (v) ∪ {v}. We define the neighborhood of a set U ⊆ V (G) as N (U ) = {v ∈ V (G) \ U | uv ∈ E(G) for some u ∈ U } and we write N [U ] = N (U ) ∪ U .
Two disjoint sets X, Y ⊆ V (G) are complete to each other if every vertex in X is adjacent to every vertex in Y , and anticomplete to each other if no vertex in X is adjacent to a vertex in Y . We say that v is complete (anticomplete) to X ⊆ V (G) if {v} is complete (anticomplete) to X. A vertex v ∈ V (G) \ X that is neither complete nor anticomplete to X is mixed on X.
A clique in G is a set of pairwise adjacent vertices, and a stable set is a set of pairwise non-adjacent vertices. A maximal clique is a clique that is not a subset of a larger clique. A stable set in G is called a strong stable set if it meets every maximal clique of G. A vertex v ∈ V (G) is a simplicial vertex if N (v) is a clique. An edge uv ∈ E(G) is a simplicial edge if N (u) is complete to N (v). We say that uv is a cosimplicial non-edge in G if uv is a simplicial edge in G C . A simplicial clique in G is a non-empty clique K such that for every k ∈ K the set of neighbors of k in V (G) \ K is a clique. A matching is a set of edges no two of which share a common vertex.
A path in G is a sequence of distinct vertices p 0 − p 1 − · · · − p k where p i is adjacent to p j if and only if |i − j| = 1, and the length of a path is the number of edges in it. A path is odd if its length is odd, and even otherwise. For a path P with ends a, b, the interior of P is the set V (P ) \ {a, b}; and it is denoted by P * . An antipath is an induced subgraph whose complement is a path. The length of an antipath is the number of edges in its complement. When we say P = p 1 − p 2 − · · · − p ℓ is a path from a vertex p 1 to a set X, we mean that V (P ) ∩ X = ∅, and V (P ) \ {p ℓ } is anticomplete to X, and p ℓ has neighbors in X. An even pair is a pair of vertices {u, v} such that every induced path from u to v is even, and in particular, u and v are non-adjacent. We call a set of vertices consistent if every pair of its vertices is an even pair. Thus, a consistent set is a stable set.
Let k ≥ 4 be an integer. A hole of length k in G is an induced subgraph isomorphic to the k-vertex cycle C k , and an antihole of length k is an induced subgraph isomorphic to C C k . A hole (or antihole) is odd if its length is odd, and even if its length is even. A square is a hole of length four.
A star S k is the complete bipartite graph K 1,k . In a star S k with k ≥ 2, the vertex of degree k is called the center of the star and the other vertices are called the leaves. The star graph S 3 is called a claw. A graph is claw-free if it contains no induced claw.
A graph G is perfect if every induced subgraph H of G satisfies χ(H) = ω(H), where χ(H) is the chromatic number of H and ω(H) is the maximum clique size in H. Claude Berge introduced perfect graphs and his conjecture (now the Strong Perfect Graph Theorem) was solved by Chudnovsky et al.:
Theorem 1.1. [2] A graph is perfect if and only if it does not contain an odd hole or an odd antihole.
A graph is strongly perfect if every induced subgraph has a strong stable set. Strongly perfect graphs have been studied by several authors ( [1] , [8] , [11] ) and they form an interesting class of perfect graphs, as the complement of a strongly perfect graph need not be strongly perfect, unlike a perfect graph. Although there are many results concerning strongly perfect graphs (see [10] for a summary), there is no elegant characterization of strongly perfect graphs in terms of forbidden subgraphs. In [9] , the author presents a conjecture to characterize strongly perfect graphs in terms of forbidden induced subgraphs (originally posed by Berge). In the same paper, a characterization of claw-free strongly perfect graphs by five infinite families of forbidden induced subgraphs was also conjectured, and this was proved by Wang [11] in 2006. The main result of the current paper is a new shorter proof of this characterization, that is also quite different from the proof of [11] .
Preliminaries
A prism is a graph consisting of two vertex-disjoint triangles {a 1 , a 2 , a 3 }, {b 1 , b 2 , b 3 }, and three paths P 1 , P 2 , P 3 , where each P i has ends a i , b i , and for 1 ≤ i < j ≤ 3 the only edges between V (P i ) and V (P j ) are a i a j and b i b j . A prism is odd if the three paths P 1 , P 2 , P 3 have odd length.
A handcuff is a graph formed by connecting two vertex-disjoint even cycles via an odd path whose endpoints form a triangle with the cycles. An eye mask is a graph consisting of two vertex-disjoint even cycles and a clique of size four formed by making an edge of each cycle complete to each other (see Figure 1 , where dotted lines represent odd paths). even ←−− odd −−→ even even even
Figure 1: Handcuffs and eye masks
We say a graph is innocent if it contains no odd holes, no antiholes of length at least six, no odd prisms, no handcuffs, and no eye masks. The following was proved by Wang in 2006. Theorem 2.1. [11] Let G be a claw-free graph. Then G is strongly perfect if and only if G is innocent.
The main result of this paper is a new shorter proof of Theorem 2.1. It is easy to check that none of the forbidden induced subgraphs in an innocent graph has a strong stable set, and so they are not strongly perfect. Therefore, it is enough to prove the following: Theorem 2.2. Let G be a claw-free innocent graph. Then G has a strong stable set.
In this paper, we prove the following strengthening of Theorem 2.2 (safe vertices are to be defined later.) The proof will be presented in Section 5. Theorem 2.3. Let G be a claw-free innocent graph and let Z be a consistent set of safe vertices in G. Then G has a strong stable set that contains Z.
The line graph L(H) of a graph H is the graph whose vertices are the edges of H and whose edges are the pairs of edges of H that share a vertex. Since line graphs are claw-free and do not contain antiholes of length at least seven, the following is a weaker version of Theorem 2.1. It was proved by Ravindra in 1984 and it is immediately implied by Theorem 2.1.
Theorem 2.4. [8] Let G be a line graph. Then G is strongly perfect if and only if G contains no odd holes, no odd prisms, no handcuffs, and no eye masks.
A clique cutset of a graph G is a clique X such that G \ X is not connected. Before we present the proof of Theorem 2.3, we need a result concerning clique cutsets. We follow the definitions from [3] .
Suppose that there is a partition (V 1 , V 2 , X) of V (G) such that X is a clique, and |V 1 |, |V 2 | ≥ 2, and V 1 is anticomplete to V 2 . Then we say that X is an internal clique cutset. Two adjacent vertices of a graph G are called twins if (apart from each other) they have the same neighbors in G, and if there are two such vertices, we say "G admits twins".
Let A, B be disjoint subsets of V (G). The pair (A, B) is called a homogeneous pair in G if A, B are cliques, and for every vertex v ∈ V (G) \ (A ∪ B), v is either complete or anticomplete to A, and either complete or anticomplete to B. Let (A, B) be a homogeneous pair, such that A is neither complete nor anticomplete to B, and at least one of A, B has at least two members. In these circumstances we
is proper if no vertex of A is complete or anticomplete to B, and no vertex of B is complete or anticomplete to A. We say that a homogeneous pair (A, B) is square-connected if for every partition of A (resp. B) into nonempty sets A ′ and A ′′ (resp. B ′ and B ′′ ), there is a square in A ∪ B intersecting both A ′ and A ′′ (resp. B ′ and B ′′ ). It follows that if (A, B) is square-connected, then every vertex of A ∪ B is in a square.
Suppose that V 1 , V 2 is a partition of V (G) such that V 1 , V 2 are non-empty and V 1 is anticomplete to V 2 . We call the pair (V 1 , V 2 ) a 0-join in G. Next, suppose that V 1 , V 2 is a partition V (G), and for i = 1, 2 there is a subset A i ⊆ V i such that:
In these circumstances we call (V 1 , V 2 ) a 1-join. If also |V 1 |, |V 2 | > 2, then (V 1 , V 2 ) is a rich 1-join.
We say that a graph G is a linear interval graph if the vertices of G can be numbered v 1 , . . . , v n such that for all i, j with 1 ≤ i < j ≤ n, if v i is adjacent to v j then {v i , v i+1 , . . . , v j−1 } and {v i+1 , v i+2 , . . . , v j } are cliques. Equivalently, a linear interval graph is a graph G with a linear interval representation, which is a point on the real line for each vertex and a set of intervals, such that vertices u and v are adjacent in G if and only if there is an interval containing both corresponding points on the real line. Observe that linear interval graphs do not contain holes. We need the following result: Theorem 2.5. [3] Let G be a claw-free graph with an internal clique cutset such that G does not admit twins, a 0-join, or a 1-join. Then every hole in G has length four; if there is a C 4 , then G admits a coherent proper W -join, and otherwise G is a linear interval graph.
Let us continue with definitions from [7] . A cobipartite graph (X, Y ) is the complement of a bipartite graph, where X, Y are two disjoint cliques that cover its vertex set. A graph is called peculiar if it can be obtained as follows: start with three, pairwise vertex-disjoint, cobipartite graphs (A 1 , B 2 ), (A 2 , B 3 ), (A 3 , B 1 ) such that each of them has at least one pair of non-adjacent vertices; add all edges between every two of them; then take three cliques K 1 , K 2 , K 3 that are pairwise disjoint and disjoint from the A i 's and B i 's; add all the edges between K i and A j ∪ B j for j = i; there is no other edge in the graph. A graph is called elementary if its edges can be bicolored in such a way that every induced P 3 has its two edges colored differently.
An edge is flat if it does not lie in a triangle. Let xy be a flat edge of a graph G = (V, E), and B = (X, Y ) be a cobipartite graph disjoint from G, such that there is at least one edge between X and Y in B. We can build a new graph G ′ obtained from G \ {x, y} and B by adding all possible edges between X and N (x) \ y and between Y and N (y) \ x. We will say that G is augmented along xy, that xy is augmented, and B will be called the augment of xy. When we augment with a cobipartite graph (X, Y ) a flat edge xy in a graph G that has at least four vertices, it is easy to see that X, Y is a homogeneous pair of the resulting graph. Moreover, since xy is a flat edge, the vertices x and y have no common neighbor in G, and so in the resulting graph G ′ the set of vertices in
be h pairwise disjoint cobipartite graphs that are also disjoint from G. We can obtain a graph G ′ by augmenting respectively each edge x i y i with the augment (X i , Y i ). This graph is the same whatever the order in which the augments are done. The graph G ′ will be called an augmentation of G.
In 1988, Chvátal and Sbihi proved a decomposition theorem for claw-free perfect graphs. They showed that claw-free perfect graphs either have a clique cutset or come from two basic classes of graphs: elementary and peculiar graphs. As given above, the structure of peculiar graphs is determined precisely by their definition, but that is not the case for elementary graphs. Later, Maffray and Reed proved that an elementary graph is an augmentation of the line graph of a bipartite multigraph, giving a precise description of all elementary graphs. Theorem 2.6. [4] A claw-free graph G is perfect if and only if either G is elementary, or G is peculiar, or G admits a clique cutset. Theorem 2.7. [7] A graph G is elementary if and only if G is an augmentation of the line graph of a bipartite multigraph.
Some lemmas
In this section we state some observations and prove a few lemmas that we will use later. Proof. Let u, v be simplicial vertices of G and assume that they are adjacent. Since u and v are not twins, we may assume that there is a vertex w in G adjacent to u and non-adjacent to v. But this is a contradiction to the fact that u is simplicial. Observation 3.6. Let G be a graph with no twins and G ′ be the graph obtained from G by deleting the simplicial vertices of G. Then, every clique cutset of G ′ is an internal clique cutset of G.
Proof. Let S be the set of simplicial vertices of G. By Observation 3.2 we may assume that S = ∅, and by Observation 3
It follows that S i = ∅ and A i = {a}. But now N G (a) ⊆ K, and so a ∈ S, a contradiction.
We thank Sophie Spirkl for pointing out to us a short proof of the following lemma.
Proof. We may assume that
A clown is a graph with vertex set {c 0 , c 1 , . . . , c k } where {c 1 , . . . , c k } is a hole and c 0 is adjacent to c 1 , c 2 , as in Figure 2 . We call c 0 the hat of the clown. We write h(D) to denote the hat of a clown D.
Figure 2: A clown
A vertex v in a graph G is called safe if it is simplicial and if for every clown D in G the following holds: every induced path P from v to h(D) such that there are no edges between P \ {h(D)} and D \ {h(D)} has odd length. In particular, no safe vertex is a hat for a clown.
Observation 3.9. Let G be a claw-free innocent graph.
If k ≥ 2 or p 1 is safe, then C ∪ {p k } is a clown with hat p k . Hence, if p 1 is safe, then P is odd.
In particular, for a safe vertex v and a hole
and v has no neighbors in H.
such that it is a path from q 1 to C 2 and a path from q ℓ to C 1 . Then, Q is even, and C 1 ∪ {q 1 } is a clown with hat q 1 , and C 2 ∪ {q ℓ } is a clown with hat q ℓ .
Proof. Let the vertices of C be c 1 − · · · − c k − c 1 in order. If p k has only one neighbor in C, say c 1 , then
Thus, p k has exactly two neighbors in C and they are consecutive in C, and so C ∪ {p k } is a clown in G. Hence, if p 1 is safe, then P is odd. This proves the first assertion. For the second assertion, v / ∈ V (H) since v is simplicial, and v has no neighbors in H by the first assertion. Finally, the third assertion follows from the first one applied to the path-hole pairs (Q ∪ {q ℓ+1 },
is not a handcuff, Q has even length (possibly zero).
The next lemma can be considered as the central observation of this paper. It lies in the heart of our results and it is this idea which makes the essence of our proof simple. Lemma 3.10. Let G be a claw-free innocent graph and let v 0 be a simplicial vertex of G. Let
Then, for i = 1, 2, 3, G ′ i is claw-free and innocent. Also, let Z ′ be a consistent set of safe vertices in
Proof. It is straightforward to check that G ′ i is claw-free and innocent. By Observation 3.8, it is true that Z G = Z ′ ∩ V (G) is a consistent set of safe vertices in G. We want to show that Z = Z G ∪ {v 0 } is a consistent set of safe vertices in G. Observe that all paths from z ∈ Z G to v 0 in G are even since otherwise in G ′ 1 and G ′ 3 , z is not safe; and in G ′ 2 there is an odd path from z to v m , contrary to the fact that Z ′ is consistent. This proves that Z is a consistent set in G. Next, we prove that v 0 is safe in G. Suppose not. Let D be a clown in G and let P be an even path (possibly of length zero) in G
Next, we use Lemma 3.10 to prove that Theorem 2.2 and Theorem 2.3 are equivalent.
Lemma 3.11. The following statements are equivalent:
1. Let G be a claw-free innocent graph. Then G has a strong stable set.
2. Let G be a claw-free innocent graph and let Z be a consistent set of safe vertices in G. Then G has a strong stable set that contains Z.
Proof. Clearly, 2 implies 1. Now, assume 1 holds. Let Z = {z 1 , . . . , z m } be a consistent set of safe vertices in G, and let I = {1, . . . , m} denote the index set. Let G ′ be the graph obtained from G by adding three vertices w i , x i , y i for each z i such that w i is complete to N G [z i ] ∪ {x i }, and y i is adjacent to z i and x i . By Lemma 3.10, G ′ is claw-free and innocent. Therefore, by 1, G ′ has a strong stable
follows that G has a strong stable set containing Z.
Next, we prove several lemmas about cobipartite graphs and peculiar graphs. We use the following well-known result several times. Theorem 3.12. [5] Bipartite graphs with no hole of length at least six contain a simplicial edge.
As uv is a cosimplicial non-edge, c u , c v are non-adjacent, contrary to the fact that C is a clique.
Lemma 3.14. Let G be a graph and let A, B be two disjoint sets of vertices in
Then, there are vertices x, y ∈ B such that xu, yv are edges, and xv, yu are non-edges, a contradiction. Next, assume that no vertex of A is complete to B. Then, in particular, there is a vertex b ∈ B non-adjacent to a p . But since N (a) ∩ B ⊆ N (a p ) ∩ B for every a ∈ A, it follows that b is anticomplete to A. Lemma 3.15. Let G be a claw-free innocent cobipartite graph (A, B). Let Z be a consistent set of safe vertices in G. Then G has a strong stable set that contains Z.
Proof. We may assume that G is not a complete graph since otherwise |Z| ≤ 1, and every vertex of G is a strong stable set in G. Also, |Z| ≤ 2 as A and B are cliques. By Lemma 3.13, it is enough to show that there is a cosimplicial non-edge ab in G with Z ⊆ {a, b}. By Theorem 3.12, we may assume that Z = ∅. Assume first that |Z| = 2. Let a ∈ Z ∩ A and b ∈ Z ∩ B. Then, ab is a cosimplicial non-edge, for otherwise there is a three-edge path in G from a to b, contrary to the fact that Z is consistent. Next, assume that |Z| = 1. Without loss of generality, assume that Z ∩ A = ∅ and let a ∈ Z ∩ A. Let B 1 , B 2 be the sets of neighbors and the non-neighbors of a in B, respectively. Then B 1 is complete to A since a is simplicial, and B 2 = ∅ as G is not a complete graph. Moreover, by Observation 3.9, there is no C 4 in G|(B 2 ∪ A), and so by Lemma 3.14, we can order the vertices of Proof. We use the same notation as in the definition of a peculiar graph. Recall that G = G|(A 1 ∪ B 2 ) is a cobipartite graph. As G contains no antihole of length at least six, by Theorem 3.12, G contains a cosimplicial non-edge uv with u ∈ A 1 , v ∈ B 2 . We claim that {u, v} is a strong stable set in G. Suppose not and let C be a maximal clique such that C ∩ {u, v} = ∅. As C is maximal, u has non-neighbors in C, and so C ∩ (
Let c v ∈ C ∩ A 1 be a non-neighbor of v, and c u ∈ C ∩ B 2 be a non-neighbor of u. Then c v , c u are non-adjacent since uv is a cosimplicial non-edge in G, contrary to the fact that C is a clique. Proof. We use the same notation as in the definition of a peculiar graph. Assume for a contradiction that C is a simplicial clique in G. Suppose that K i \ C = ∅ for every i = 1, 2, 3. Then, C ∩ A i = ∅ and C ∩ B i = ∅ for every i = 1, 2, 3, in which case we may assume that C ⊆ K 1 since K i 's are anticomplete to each other. But K 1 is complete to A 2 ∪ B 3 which is not a clique, a contradiction. Thus, we may assume that
Properties of a minimal counterexample
In this section we prove several statements about the structure of a minimal counterexample to Theorem 2.3, which we restate here for ease of reference. Theorem 4.1. Let G be a claw-free innocent graph and let Z be a consistent set of safe vertices in G. Then G has a strong stable set that contains Z.
We say that a graph is a suspect if it is a minimal counterexample to Theorem 4.1.
Theorem 4.2.
If G is a suspect, then G is not a complete graph, every simplicial vertex of G is in Z, G is connected (i.e. G does not admit a 0-join), and G does not admit twins.
Proof. G is not a complete graph since otherwise |Z| ≤ 1 and every vertex of G is a strong stable set in G. Also, every simplicial vertex of G is in Z by the minimality of G and by Observation 3.1.
Next, assume that G is not connected. Let G 1 , . . . , G k be the connected components of G and let Z i = Z ∩ V (G i ). Clearly, Z i is a consistent set of safe vertices in G i . By the minimality of G, each G i has a strong stable set S i containing Z i . Then, S = S 1 ∪ · · · ∪ S k is a strong stable set in G containing Z, a contradiction.
Finally, let a and b be twins in G. Since they are adjacent, at least one of them is not in Z, say a / ∈ Z. Let G ′ = G \ a. By Observation 3.8, Z is a consistent set of safe vertices in G ′ . By the minimality of G, G ′ has a strong stable set S containing Z. Suppose that S is not a strong stable set of G. Then there is a maximal clique K in G not meeting S. It follows that K \ {a} is not a maximal clique of G ′ , and so there is a vertex v / ∈ K in G ′ that is complete to K \ {a}. Since K ∪ {v} is not a clique of G, we deduce that a ∈ K and v is non-adjacent to a. But by the maximality of K, b ∈ K, and so v is adjacent to b, contrary to the fact that a and b are twins.
Theorem 4.3. If G is a suspect, then G is not a linear interval graph.
Proof. Assume that G is a linear interval graph. Let v 1 , . . . , v k be the vertices of G in order. By Theorem 4.2, v 1 , v k are in Z since they are simplicial. Let i be maximum such that v 2 is adjacent to v i . Note that i = 1 as G is connected and not a complete graph by Theorem 4.2. Also, since v 1 , v 2 are not twins, v 1 is not adjacent to v i ; and since G is connected, v 1 is adjacent to v 2 . Note that no
• v j is not adjacent to v 1 because Z is stable,
• v j is not adjacent to v ℓ for ℓ > i since v j is simplicial and v j is adjacent to v 2 .
Let P be a path from
is an odd path in G between two members of Z, contrary to the fact that Z is consistent. This proves A, B) is a homogeneous pair, C is complete to A and anticomplete to B, D is complete to B and anticomplete to A, E is complete to A ∪ B, and F is anticomplete to A ∪ B. As this is a proper coherent W -join, E is a clique (possibly empty), no vertex of A is complete or anticomplete to B, no vertex of B is complete or anticomplete to A. Then, by Lemma 3.14, G|(A ∪ B) contains a C 4 . It follows from Observation 3.9 that Z ⊆ F . Also, C is a clique, for otherwise G has a claw with center in A, two leaves in C and the third leaf in B, a contradiction since G is claw-free. Similarly, D is a clique. Moreover, E is anticomplete to F , for otherwise there is a claw in G with center in E, two leaves in A ∪ B, and one leaf in F .
Let H be a C 4 in G|(A ∪ B) . If there is a path P from C to D with P * ⊆ F , then G|(V (H) ∪ V (P )) is either an odd prism or contains an odd hole, contrary to the fact that G is innocent. It follows that
Let G 1 be obtained from G C by adding a new vertex v 1 complete to C. Similarly, let G 2 be obtained from G D by adding a new vertex v 2 complete to D. Let Z 1 = Z C ∪ {v 1 } and Z 2 = Z D ∪ {v 2 }. By Lemma 3.10, for i = 1, 2, Z i is a consistent set of safe vertices in G i . This is because the graph G|(H ∪ C ∪ F C ) is an induced subgraph of G, hence claw-free innocent, and G 1 is obtained by replacing H with v 1 .
By the minimality of G, there exists a strong stable set = G|(A ∪ B) . Since G contains no antihole of length at least six, by Theorem 3.12, G AB contains a cosimplicial non-edge ab with a ∈ A, b ∈ B. Now,
Lemma 4.5. Let G be a suspect. Assume that G admits a 1-join (V 1 , V 2 ) and let A 1 , A 2 be as in the definition of a 1-join. Then, Z ∩ (A 1 ∪ A 2 ) = ∅.
Observe that |V (G ′ 1 )| < |V (G)| and |V (G 2 )| < |V (G)|. By the minimality of G, there exist a strong stable set S ′ 1 in G ′ 1 containing Z ′ 1 , and a strong stable set S 2 in G 2 containing Z 2 . Now, S ′ 1 ∪ S 2 is a strong stable set in G containing Z. This is because if K is a maximal clique of G, then either K ⊆ V 1 and K ∩ S ′ 1 = ∅, or K ⊆ V 2 and K ∩ S 2 = ∅, or K = A 1 ∪ A 2 and a 2 ∈ K.
Theorem 4.6. If G is a suspect, then G does not admit a rich 1-join.
Proof. Assume that G admits a rich 1-join (V 1 , V 2 ) and let A 1 , A 2 be as in the definition of a 1-join. For 
• If, for i = 1, 2, O i is an even hole in G i , then we may assume that
• If O 1 is a simplicial vertex of G in B 1 and O 2 is an even hole in G 2 , then O 1 ∈ Z and P 1 , P 2 have different parities since otherwise Q 1 ∪ Q 2 \ {a 1 , a 2 } is an even path from O 1 to O 2 , contrary to Observation 3.9.
Therefore, since a 1 , a 2 were chosen arbitrarily, we may assume that all paths like P 1 are even, and all paths like P 2 are odd. Let G ′ 1 be the graph obtained from G 1 by adding a new vertex v 1 complete to A 1 . Let G ′ 2 be the graph obtained from G 2 by adding two new vertices v 2 , v 3 and making v 3 complete to A 2 and v 2 adjacent to only v 3 . Let Z ′ i = Z i ∪ {v i } for i = 1, 2. Then, by Lemma 3.10, Z ′ i is a consistent set of safe vertices in G ′ i . Next, observe that |V (G ′ 1 )| < |V (G)| and |V (G ′ 2 )| < |V (G)| as (V 1 , V 2 ) is a rich 1-join. Then, by the minimality of G, there exist a strong stable set S ′ 1 in G ′ 1 containing Z ′ 1 and a strong stable set
Lemma 4.7. Let A, B be two disjoint cliques in a graph G such that there is a square in G|(A ∪ B) .
Then, G admits a proper coherent W -join.
Consider an inclusion-wise maximal square-connected pair of cliques (S, T ) with {a 1 , a 2 } ⊆ S ⊆ A and {b 1 , b 2 } ⊆ T ⊆ B. We claim that (S, T ) is a proper coherent W -join in G.
Since G|(S ∪ T ) contains a square, S is neither complete nor anticomplete to T , and both S and T has at least two members. We show that for every vertex v ∈ V (G) \ (S ∪ T ), v is either complete or anticomplete to S, and either complete or anticomplete to T . Suppose v ∈ V (G) \ (S ∪ T ) is mixed on S. Since (S, T ) is square-connected, there exists a square s 1 − s 2 − t 2 − t 1 − s 1 with s 1 , s 2 ∈ S, t 1 , t 2 ∈ T , such that v is adjacent to s 1 and non-adjacent to s 2 (here, we apply the axiom of square-connectedness to S ∩ N (v) and S \ N (v)). Then v / ∈ A as A is a clique, and v / ∈ V (G) \ (A ∪ B) by the assumption of the lemma. Hence, v ∈ B. Then, since B is a clique, v is complete to T and v − s 1 − s 2 − t 2 − v is a square. It is now straightforward to check that (S, T ∪ {v}) is a square-connected pair of cliques, contrary to the maximality of (S, T ). Therefore, no vertex in
is mixed on T either. This proves that (S, T ) is a W -join.
Since (S, T ) is square-connected, every vertex of S ∪ T is in a square. Therefore, no vertex of S is complete or anticomplete to T , and no vertex of T is complete or anticomplete to S. Hence, (S, T ) is a proper W -join. Next, let E be the set of all vertices in V (G) \ (S ∪ T ) that are complete to (S ∪ T ). We show that E is a clique. Let e 1 , e 2 ∈ E be non-adjacent. Then, S ∪ {e 1 } and T ∪ {e 2 } are cliques, and {e 1 , a 2 , e 2 , b 1 } is a square. So, (S ∪ {e 1 }, T ∪ {e 2 }) is square-connected, a contradiction to the maximality of (S, T ). Hence, E is a clique, and (S, T ) is a proper coherent W -join. Proof. Assume that G admits a 1-join (V 1 , V 2 ) and let A 1 , A 2 be as in the definition of a 1-join. For i = 1, 2, let B i = V i \ A i and Z i = V i ∩ Z, and let G i = G|V i . Then, by Lemma 4.5, Z ∩ (A 1 ∪ A 2 ) = ∅, and so Z i = B i ∩ Z. Moreover, by Theorem 4.6, (V 1 , V 2 ) is not a rich 1-join. Therefore, we may assume that |B 1 | = |A 1 | = 1. Let B 1 = {b 1 } and A 1 = {a 1 }. Then by Theorem 4.2, b 1 ∈ Z since it is simplicial in G. Note that every vertex in A 2 has a neighbor in B 2 since no vertex of A 2 is simplicial because Proof. This follows from the fact that there is a three-edge path from b 1 to every vertex of N 1 .
(4.8.2) A 2 is not a maximal clique of G 2 , so N ′ 1 = ∅. Also, N ′ 1 is a clique and complete to N ′′ 1 .
Proof. If A 2 is a maximal clique of G 2 , then by the minimality of G, there exists a strong stable set S 2 in G 2 containing Z 2 , and S 2 ∪ {b 1 } is a strong stable set in G containing Z. Therefore, A 2 is not a maximal clique of G 2 . Then, some vertex of B 2 is complete to A 2 , and so N ′ 1 = ∅. Also, N ′ 1 is a clique and it is complete to N ′′ 1 since A 2 is a simplicial clique in G 2 .
Proof. Let n ′′ 1 be a non-neighbor of n 2 in N ′′ 1 and a 2 be a non-neighbor of n ′′ 1 in A 2 . Then, {n ′ 1 , a 2 , n ′′ 1 , n 2 } is a claw, a contradiction. Proof. Let n, n ′ ∈ N (C) ∩ N 1 and assume that they are non-adjacent. Then n, n ′ ∈ N ′′ 1 . Since A 2 is a simplicial clique in G 2 , no vertex of A 2 is complete to {n, n ′ }, and so there exist a, a ′ ∈ A 2 such that n − a − a ′ − n ′ is a path. Let P be a path from n to n ′ with P * ⊆ C. Since V (P ) ∪ {a, a ′ } is a hole, it follows that P is odd. Now, let n ′ 1 be a vertex in N ′ 1 . Since V (P ) ∪ {n ′ 1 } is not an odd hole, n ′ 1 has a neighbor p in P * . Since P is odd, we may assume that p is not adjacent to n, contrary to (4.8.3).
By (4.8.1), Z ⊆ (B 2 \ N 1 ) ∪ {b 1 }. Let a 2 ∈ A 2 and let G ′ 2 = G|(B 2 ∪ {a 2 }). Then, by Lemma 3.10 applied to G|({b 1 , a 1 , a 2 } ∪ B 2 ), Z ′ 2 = Z 2 ∪ {a 2 } is a consistent set of safe vertices in G ′ 2 . Let S be a strong stable set in G ′ 2 containing Z ′ 2 . Since S ∪ {b 1 } is not a strong stable set in G, there exists a maximal clique C of G such that C ∩ (S ∪ {b 1 }) = ∅. Since C is not a maximal clique of G ′ 2 , and since C = {a 1 , b 1 }, we deduce that C meets A 2 . Then, C ⊆ {a 1 } ∪ A 2 ∪ N 1 . But since a 2 / ∈ C, C contains a non-neighbor of a 2 , so C ∩ N 1 = ∅; consequently a 1 / ∈ C. It follows that N ′ 1 ⊆ C ⊆ A 2 ∪ N 1 . Also, since a 2 was chosen arbitrarily, we deduce that no vertex of A 2 is complete to N 1 . Next, observe that C ∩ N 1 is not a maximal clique of G ′ 2 , for otherwise S meets C ∩ N 1 , and in particular, C ∩ S = ∅, a contradiction. Thus, there exists a vertex n 2 ∈ B 2 \ N 1 such that n 2 is complete to C ∩ N 1 . In particular, n 2 is complete to N ′ 1 , and by (4.8.3), n 2 is complete to N 1 . Then, by (4.8.4) , N 1 is a clique. Therefore, G|(A 2 ∪ N ′′ 1 ) is a cobipartite graph. Since no vertex of N ′′ 1 is anticomplete to A 2 , and no vertex of A 2 is complete to N ′′ 1 , by Lemma 3.14, we deduce that there is a square in G|( Next, we prove a theorem about the line graphs of bipartite multigraphs. It is straightforward that if a graph G = L(H) does not contain L(F ) for some graph F as an induced subgraph, then H does not contain F as a subgraph (not necessarily induced). Observe that handcuffs and eye masks are the line graphs of what we call "bicycles"; and that odd prisms are the line graphs of "thetas". A bicycle is a graph formed by connecting two vertex-disjoint even cycles C 1 , C 2 via an even path from a vertex of C 1 to a vertex of C 2 where the length of the path is allowed to be zero. A theta is a graph consisting of two non-adjacent vertices a, b and three even paths P 1 , P 2 , P 3 of length at least two, each joining a, b and otherwise vertex-disjoint (see Figure 3 , where dotted lines represent even paths). Let us call a bipartite graph harmless if its line graph is innocent. Then, harmless graphs do not contain bicycles or thetas as a subgraph (not necessarily induced). In what follows, when G = L(B), for an edge e ∈ E(B), we let ℓ(e) denote the vertex of G that corresponds to e in the line graph, and for F ⊆ E(B), we let ℓ(F ) = {ℓ(e) : e ∈ F }. The following theorem first appeared in the junior thesis of Andrei Graur [6] . Here, we provide a simpler proof. Proof. Let G be a suspect and assume G is the line graph of a bipartite multigraph B, i.e., G = L(B). By Observation 3.3, B is a bipartite graph as G does not admit twins. Also, B is connected (and so it has a unique bipartition) since otherwise G is not connected, contrary to Theorem 4.2. Moreover, since G is an innocent graph, B is harmless.
Since the maximal cliques in G correspond to stars in B with centers of degree at least two, a strong stable set in G corresponds to a matching in B that covers all the vertices of degree at least two. Let us call such a matching of B suitable. Also, for a bipartite graph H, let P (H) denote the set of vertices of H with degree at least two.
Let Z = ℓ(Z B ) be a consistent set of safe vertices in G. Then, Z B is a matching in B as Z is a stable set in G. Finding a strong stable set in G containing Z is the same as finding a suitable matching in B containing Z B . Let us call an edge e of B singular if one of the endpoints of e has degree one in B. Observe that if v ∈ Z, then v = ℓ(e) for some singular edge e of B. By Theorem 4.2, every simplicial vertex of G is in Z, and so, Z is the set of simplicial vertices of G. Therefore, Z B ⊆ E(B) is precisely the set of singular edges in B. Proof. Otherwise, there is an odd path in G from ℓ(e 1 ) to ℓ(e 2 ), contrary to ℓ(e 1 ), ℓ(e 2 ) ∈ Z. In G, A is complete to C and anticomplete to D ∪ F ; and B is complete to D and anticomplete to C ∪ F . The sets C and D are cliques since otherwise G is not claw-free. We say that (A, B, C, D, F ) is an augmentation partition of G by the edge ab.
Let x 1 y 1 , . . . , x h y h be h pairwise disjoint flat edges of H that are augmented by pairwise disjoint cobipartite graphs (X 1 , Y 1 ), . . . , (X h , Y h ), respectively, to obtain G. We say that G is a smooth augmentation of H if for every i = 1, . . . , h, every x ∈ X i has a neighbor in Y i , and every y ∈ Y i has a neighbor in X i . Theorem 4.10. If G is a suspect, then G is not a smooth augmentation of the line graph of a bipartite multigraph.
Proof. Let G be a suspect and assume that G is a smooth augmentation of the line graph of a bipartite multigraph J. We let H = L(J), and we follow the notation given before the statement of the theorem. If |X i | = |Y i | = 1 for every i = 1, . . . , h, then, G is the line graph of a bipartite multigraph, contrary to Theorem 4.9. Thus, we may assume that |X 1 ∪ Y 1 | > 2. Let (A = X 1 , B = Y 1 , C, D, F ) be an augmentation partition of G by the edge x 1 y 1 . Since G is a smooth augmentation of H, every vertex of A has a neighbor in B, and every vertex of B has a neighbor in A.
Let Z be a consistent set of safe vertices in G. We show that Z ∩ (A ∪ B) = ∅. Assume Z ∩ A = ∅, say z ∈ Z ∩ A. Then, C = ∅ since z is a simplicial vertex and z has a neighbor in B. If F = ∅, then G is a cobipartite graph, and by Lemma 3.15, G has a strong stable set that contains Z, a contradiction. Thus, F = ∅. Then, D = ∅ since G is connected by Theorem 4.2. But now, (A ∪ B, D ∪ F ) is a 1-join in G, contrary to Theorem 4.8. This proves that Z ∩ (A ∪ B) = ∅.
Assume first that there is no square in G| (A ∪ B) . Then, by Lemma 3.14, there exist vertices u ∈ A and v ∈ B such that u is complete to B and v is complete to A.
By the minimality of G, there exists a strong stable set S in G containing Z. We claim that S is a strong stable set in G. Since {u, v} is a maximal clique in G, either u ∈ S or v ∈ S. Let K be a maximal clique in G such that S ∩ K = ∅. Since K is not a maximal clique of G, we deduce that
Hence, in each case, S ∩ K = ∅, a contradiction. This proves that G|(A ∪ B) contains a square.
Let
Thus, by Lemma 4.7 applied to the pair of cliques (A, B) , G admits a proper coherent W -join, a contradiction to Theorem 4.4.
The proof of the main theorem
In this section we present the proof of Theorem 2.3, which we restate here one last time.
Theorem 5.1. Let G be a claw-free innocent graph and let Z be a consistent set of safe vertices in G. Then G has a strong stable set that contains Z.
Proof. Suppose the theorem is false, and let G be a minimal counterexample. Let Z be a consistent set of safe vertices in G. By Theorem 4.2, G is connected, is not a complete graph, has no twins, and every simplicial vertex of G is in Z. Let G ′ = G \ Z.
(1) G ′ is connected.
Proof. Assume that G ′ is not connected. As the vertices in Z are simplicial in G, they do not have neighbors in two different components of G ′ . Since Z is stable, G is not connected, a contradiction.
(2) G ′ is not a complete graph.
Proof. Assume that G ′ is a complete graph. Then G ′ = G. As there is no three-edge path between two distinct vertices of Z, by Lemma 3.14, we can order the vertices of Z, say v 1 , v 2 , . . . , v p , in such a way that if i ≤ j, then N (v i ) ⊆ N (v j ). This implies that either v p is complete to V (G ′ ) or there is a vertex u ∈ V (G ′ ) such that u is anticomplete to Z. In the first case Z, and in the second case Z ∪ {u} is a strong stable set in G containing Z, a contradiction.
(3) G ′ is not a peculiar graph.
(6)
Let e 1 , e 2 ∈ E(B ′′ ) be incident with a special vertex v ∈ V (B ′′ ). Then, in G ′ , every vertex of X e 1 has a neighbor in X e 2 , and every vertex of X e 2 has a neighbor in X e 1 .
Proof. Let (X e 1 , X e 2 , C, D, F ) be the augmentation partition of G ′ by the flat edge ℓ(e 1 )ℓ(e 2 ) ∈ E(G ′′ ). Let x ∈ X e 1 be anticomplete to X e 2 in G ′ . Then, (X e 1 \ x) ∪ C is a clique cutset in G ′ separating x from X e 2 ∪ D ∪ F , a contradiction to (4).
(7)
Let e 1 ∈ E(B ′′ ) be incident with a special vertex v in B ′′ , and let z ∈ Z. Then, z is anticomplete to X e 1 in G.
Proof. Let e 2 be the other edge that is incident to v in B ′′ , and let (X e 1 , X e 2 , C, D, F ) be the augmentation partition of G ′ by the flat edge ℓ(e 1 )ℓ(e 2 ) ∈ E(G ′′ ). If C = ∅, then X e 2 is a clique cutset in G ′ separating X e 1 from D ∪ F , contrary to (4), unless D ∪ F = ∅, in which case G ′ is cobipartite, contrary to (5) . Therefore C = ∅, and similarly D = ∅. Now, assume that there is no path P from C to D with P * ⊆ F . Then F = F C ∪ F D such that C ∪ F C is anticomplete to D ∪ F D . But then X e 1 is a clique cutset in G ′ contrary to (4) . Hence, there is a path P from C to D with P * ⊆ F . Assume that z has a neighbor x in X e 1 . By (6), x has a neighbor y ∈ X e 2 . Now, V (P ) ∪ {x, y} is a hole, and z has a neighbor in this hole, contrary to Observation 3.9.
(8)
For every z ∈ Z, there exists a non-special vertex t ∈ V (B ′′ ) such that every e ∈ E(B ′′ ) with X e not anticomplete to z is incident with t.
Proof. Let z ∈ Z have neighbors in X e 1 , . . . , X e k ⊆ V (G ′ ) where e i ∈ E(B ′′ ) for i = 1, . . . , k. Since z is simplicial, there are edges between X e i and X e j for i = j, and so for every i, j, the edges e i , e j share an endpoint in B ′′ . Since B ′′ is bipartite, there exists t ∈ V (B ′′ ) such that e 1 , . . . , e k are incident with t. Also, by (7) , t is non-special.
By (6) , it follows that G ′ is a smooth augmentation of G ′′ . Then, by Theorem 4.10, Z = ∅. Let Z = {z 1 , . . . , z k }. Let G 0 = G ′ , G k = G, and for i = 0, 1, . . . , k − 1, let G i = G i+1 \ z i+1 . Let i be minimum such that G i+1 is not a smooth augmentation of the line graph of a bipartite multigraph. Then, 0 ≤ i ≤ k − 1. Let G i be a smooth augmentation of L(B i ) where B i is a bipartite multigraph.
Note that B ′′ and B i have the same set of special vertices. By (7) , if a ∈ E(B i ) is incident with a special vertex in B i , then X a ∩ {z 1 , . . . , z i } = ∅ and z i+1 is anticomplete to X a ⊆ V (G i ). Let t ∈ V (B i ) be as in (8) for z i+1 , and let I = {a 1 , . . . , a m } denote the set of edges incident with t in B i . We can partition I as I = Y ∪ N (Y for yes, N for no) where Y = {a j : z i+1 has a neighbor in X a j ⊆ V (G i )} and N = {a j : z i+1 is anticomplete to X a j ⊆ V (G i )}. Since G i+1 is not a smooth augmentation of the line graph of a bipartite multigraph, N = ∅.
Let a k ∈ Y and a l ∈ N . If there is an edge e in E(B i ) \ I sharing a vertex with a k , then, {ℓ(a k ), ℓ(a l ), ℓ(e), z i+1 } is a claw in G. Hence, no edge in E(B i ) \ I shares a vertex with an edge in Y .
By (2), E(B ′′ ) ⊆ I since G ′ is not a complete graph. Also, ℓ(Y ) ∩ Z = ∅ since Z is a stable set. But now, ℓ(N ) is a clique cutset in G i separating ℓ(Y ) from ℓ(E(B i ) \ I). It follows that ℓ(N ) \ Z is a clique cutset in G ′ separating ℓ(Y ) from ℓ(E(B ′′ ) \ I). Hence, we get a contradiction to (4) . This completes the proof of Theorem 5.1.
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